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Abstract
Assume Λ is a representation-finite hereditary algebra over an algebraically closed field k. We provide
a method to find orthogonal exceptional pairs for an indecomposable Λ-module and study the almost split
sequences terminating at a Gabriel–Roiter factor module.
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1. Introduction
Throughout the paper, we assume k is an algebraically closed field and algebras are finite-
dimensional k-algebras. By modules we always mean finite-dimensional left modules. We denote
by modΛ the category of Λ-modules.
The Gabriel–Roiter measure was first introduced by Gabriel (under the name ‘Roiter mea-
sure,’ [3]) in 1973, in order to clarify the induction scheme used by Roiter in his proof of the first
Brauer–Thrall conjecture. Recently, Ringel showed [8,9] that in some way the Gabriel–Roiter
measure provides a foundation for representation theory of Artin algebras. The Gabriel–Roiter
filtrations and the Gabriel–Roiter submodules play an important role in the topic. So-called
Gabriel–Roiter submodules of an indecomposable module are indecomposable submodules with
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ways exist in case Y is not simple, and one of the most interesting properties is that if Y is an
indecomposable non-simple module and X is a Gabriel–Roiter submodule of Y then Y/X is in-
decomposable ([8,9], also 3.5 below). Therefore, any indecomposable non-simple module Y is
an extension of indecomposable modules.
An indecomposable module M is exceptional if End(M) ∼= k and Exti (M,M) = 0 for all
i  1. A pair of indecomposable modules (V ,U) is an orthogonal exceptional pair if U,V are
exceptional modules, and Hom(U,V ) = Hom(V ,U) = 0 = Ext1(U,V ). Now assume Λ is a
finite-dimensional hereditary algebra over an algebraically closed field k. Schofield’s Theorem
[7,11] tells us that if M is an exceptional Λ-module, then there exist exact sequences 0 → Ua →
M → V b → 0 with (V ,U) an orthogonal exceptional pair and (a, b) a pair of integers. But there
does not yet exist a convenient procedure to determine the possible orthogonal exceptional pairs,
when an exceptional module is given.
Schofield’s Theorem raises the following problems:
1. If Λ is hereditary, how to construct such orthogonal exceptional pairs for an exceptional
modules?
2. If Λ is not hereditary, can we find orthogonal exceptional pairs to an exceptional module?
To solve the second problem, we have to find, for each indecomposable (exceptional) mod-
ule M , an indecomposable submodule U of M such that Uu is again a submodule of M for some
u > 0, and the corresponding factor module M/Uu has, up to isomorphism, only one indecom-
posable summand. But it seems to be difficult to go further. Now we consider the simplest case.
For each indecomposable (exceptional) module, we look for an indecomposable submodule such
that the corresponding factor module is indecomposable, again. This motivates us to consider the
Gabriel–Roiter measure, study the Gabriel–Roiter submodules and their factors.
We now assume Λ is a representation-finite hereditary algebra. Then, Schofield’s Theorem
implies that for each indecomposable non-simple module Y , there exist exactly s(Y ) − 1 short
exact sequences 0 → X → Y → Z → 0 with X, Z indecomposable and Hom(X,Z) = 0, where
s(Y ) is the number of isomorphism classes of composition factors of Y . One of my aim in this
paper is to provide a method to find at least some of these modules X, namely the Gabriel–Roiter
submodules of Y .
In particular, we will show the following theorem:
Theorem A. Let Λ be a representation-finite hereditary k-algebra.
(1) If T is a Gabriel–Roiter submodule of M , then Hom(T ,M/T ) = 0.
(2) Each indecomposable module M possesses at most 3 Gabriel–Roiter submodules.
We get immediately the following consequences from the theorem:
(1) (M/T ,T ) is an orthogonal exceptional pair to M .
(2) dim Hom(T ,M) = 1.
(3) dim Ext1(M/T ,T ) = 1.
(4) If N is an indecomposable proper submodule of M which is different from T , then
Hom(T ,N) = 0.
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Ringel showed that part (1) of the conjecture holds by using Hall polynomial. This answers
problem 2 for representation directed algebra.
If X is a Gabriel–Roiter submodule of Y , we call this inclusion a Gabriel–Roiter inclusion
which is a mono-irreducible map ([9] and 3.3 below). The fact that irreducible monomorphisms
are mono-irreducible leads us to consider the connection between the irreducible monomor-
phisms and the Gabriel–Roiter inclusions.
For each indecomposable module M , there exists a minimal right almost split map⊕n
i=1 Xi → M with Xi indecomposable. We denote by α(M) = n the number of indecom-
posable summands. Let Z be a cokernel of an irreducible monomorphism f which is not a
source map. H. Krause [5] proved that if Z is not simple and, either the domain or range of f
is indecomposable, then the middle term of the almost split sequence ending at Z is indecom-
posable, i.e., α(Z) = 1. This was generalized by S. Brenner [1], who only required that Z is not
simple.
Assume T ⊂ M is a Gabriel–Roiter submodule. In view of the formal similarities between
Gabriel–Roiter inclusions and irreducible monomorphisms, it is natural to ask if the middle term
of the almost split sequence ending at M/T is indecomposable. Unfortunately, this is not always
true even assuming M/T is not simple. But we can formulate the following:
Theorem B. Let Λ be a representation-finite hereditary k-algebra and T a Gabriel–Roiter sub-
module of M . If M/T is not injective, then α(M/T ) = 1.
In Sections 2 and 3 we give some preliminaries. Some definitions and basic properties can be
found here. Theorem A is proved in Section 4, while Section 5 deals with the proof of Theorem B.
2. Preliminaries
The references for this section will be [6,8,9].
Assume Λ is a finite-dimensional k-algebra. A path from an indecomposable module M to
an indecomposable module N in modΛ is a sequence of morphisms M f1−→ M1 f2−→ M2 f3−→
· · · ft−1−−→ Mt−1 ft−→ N between indecomposable modules, where t  1 and each fi is not zero
and not an isomorphism. A path from M to M is called a cycle in modΛ, and the number of
morphisms in the path is called the length of the cycle. Note that a path in the Auslander–Reiten
quiver Γ (Λ) of Λ gives rise to a path in modΛ. An indecomposable module M is said to be
directing if M does not belong to any cycle. An algebra Λ is said to be representation directed
provided every indecomposable Λ-module is directing. Note that a representation directed al-
gebras are representation-finite, and representation-finite hereditary algebras are representation
directed algebras.
Let Λ be a representation directed algebra. Each indecomposable Λ-modules is exceptional
and uniquely determined, up to isomorphism, by its dimension vector. Since a representa-
tion directed algebra is representation-finite, an indecomposable M lies on a cycle in modΛ
if and only if M lies on a cyclic path in the AR quiver Γ (Λ). We denote by τ = DTr the
Auslander–Reiten translation. A path X1
f1−→ X2 f2−→ · · · fn−1−−−→ Xn of indecomposable modules
is a sectional path if all fi are irreducible and Xi  τXi+2. Note that if Λ is a representation
directed algebra, and there is a sectional path from M to N , then dim Hom(M,N) = 1 and
Ext1(N,M) = Ext1(M,N) = 0 = Hom(N,M).
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algebra. The AR quiver of a sincere representation directed algebra is a preprojective translation
quiver and the orbit graph Γ is a tree with at most 4 end points. For each indecomposable mod-
ule M , we denote by M the orbit of M , i.e., a vertex in the orbit quiver. Now assume the orbit
graph of Λ is a star with 3 branches (for example, Dn, E6,7,8), and M is indecomposable. M is
said to lie on the center if in the orbit quiver M has exactly 3 neighbors. And M is said to lie on
the quasi-center if M has two neighbors and one of the neighbors, say N, lies on the center.
Since the orbit graph is a star, for each indecomposable module M , we may define sl(M) to be
the length of M in the branch containing M. It follows that sl(M) = 0 if M lies on the center
and sl(M) = 1 if M lies on the quasi-center.
Let N1 = {1,2, . . .} be the set of natural numbers and P(N1) the set of all subsets of N1. We
use the symbol ⊂ to denote proper inclusion. We consider the set P(N1) as a totally ordered set
as follows: If I , J are two different subsets of N1, write I < J provided the smallest element in
(I\J ) ∪ (J\I ) belongs to J . Also we write I  J provided I ⊂ J and for all elements a ∈ I ,
b ∈ J\I , we have a < b. We say that J starts with I provided I = J or I  J . It is easy to check
that
(1) If I ⊆ J ⊆ N1, then I  J .
(2) If I1  I2  I3, and I3 starts with I1, then I2 starts with I1.
For each Λ-module M , denote by |M| the length of M . Let μ(M) be the maximum of the sets
{|M1|, |M2|, . . . , |Mt |} where M1 ⊂ M2 ⊂ · · · ⊂ Mt is a chain of indecomposable submodules
of M . We call μ(M) the Gabriel–Roiter measure (briefly GR measure) of M . If M is an inde-
composable Λ-module, then a chain of indecomposable submodules M1 ⊂ M2 ⊂ · · · ⊂ Mt = M
with μ(M) = {|M1|, |M2|, . . . , |Mt |} is called a Gabriel–Roiter filtration (briefly GR filtration)
of M . We call an inclusion T ⊂ M of indecomposable Λ-modules a Gabriel–Roiter inclusion
(briefly GR inclusion) provided μ(M) = μ(T )∪ {|M|}, thus if and only if every proper submod-
ule of M has Gabriel–Roiter measure at most μ(T ). Note that a chain M1 ⊂ M2 ⊂ · · · ⊂ Mt = M
is a GR filtration if and only if all the inclusions Mi ⊂ Mi+1 are GR inclusions. The factor mod-
ule of a GR inclusion is called Gabriel–Roiter factor (briefly GR factor). A short exact sequence
0 → T f−→ M g−→ X → 0 is called a GR sequence provided f is a GR inclusion.
Lemma 2.1. Let X, Y and Z be indecomposable modules.
(1) X is a proper submodule of Y , then μ(X) < μ(Y ).
(2) If μ(X) < μ(Y ) < μ(Z) and X is a GR submodule of Z, then |Y | > |Z|.
There is a second possibility for introducing the Gabriel–Roiter measure. Namely, we can
define the Gabriel–Roiter measure by induction on the length of modules. It will be a rational
number in [0,1]. For the zero module 0, let μ(0) = 0. Given a module of length m > 0, we may
assume by induction that μ(M ′) is already defined for any proper submodule M ′ of M . Let
μ(M) = maxμ(M ′) +
{
2−m, M indecomposable,
0, M decomposable. (1)
Here the maximum is taken over all proper submodules M ′ of M . Note that the maximum always
exists.
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I < J ⇔
∑
i∈I
2−i <
∑
j∈J
2−j .
This shows the order introduced on P(N1) and the usual ordering of rational numbers are
compatible. Therefore, we have that the two definitions of the Gabriel–Roiter measure are
equivalent via the following map: if M1 ⊂ M2 ⊂ · · · ⊂ Mt = M is a GR filtration, then
{|M1|, |M2|, . . . , |Mt | = |M|} is mapped to the rational number ∑ti=1 12|Mi | . In this paper, we
will use the first definition.
3. Basic properties of the Gabriel–Roiter measure
In this section, we want to present some basic properties of the Gabriel–Roiter measure. We
fix a finite-dimensional k-algebra Λ.
Main Property (Gabriel). Let X,Y1, . . . , Yt be indecomposable modules and assume that there
is a monomorphism f :X →⊕ti=1 Yi . Then
(1) μ(X)max{μ(Yi)}.
(2) If μ(X) = max{μ(Yi)}, then f splits.
(3) If max{μ(Yi)} starts with μ(X), then there is some j such that πjf is injective, where
πj :
⊕t
i=1 Yi → Yj is the canonical projection.
For the proof, we refer to [8].
Corollary 3.1. [8] Suppose M1, . . . ,Mt are indecomposable. Then μ(
⊕
Mi) = max{μ(Mi)}.
Proposition 3.2. [8] Let T ⊂ M be a GR inclusion, and f :T → M an injective map. Then for
any factorization f = f ′′f ′, where f ′′ :T ′ → M is a proper monomorphism, the map f ′ :T →
T ′ is a split monomorphism.
Proof. First assume that T ′ is indecomposable. If f ′ is not an isomorphism, i.e., f ′ is a
proper monomorphism, then μ(T ) ∪ {|T ′|, |M|}  μ(M). However, μ(M) = μ(T ) ∪ {|M|} <
μ(T ) ∪ {|T ′|, |M|}, a contradiction. For the general case: Write T ′ =⊕Ti with indecompos-
able modules Ti . The main property asserts that μ(T )  max{μ(Ti)}. On the other hand, we
have μ(Ti) < μ(M) for each i since T ′ is a submodule of M . Therefore, max{μ(Ti)} starts
with μ(T ), and it follows that there exists a j such that πjf ′ :T → Tj is a monomorphism,
where πj :T ′ → Tj is the canonical projection. There is also a monomorphism Tj → T ′ → M .
Since Nj is a proper submodule of M and indecomposable, we are in the first case. Thus πjf ′
is an isomorphism, so f ′ is a split monomorphism. 
Definition 3.3. A monomorphism f :T → M is called mono-irreducible provided either s :N →
M is a split epimorphism or t :T → N is a split monomorphism whenever f = st with s, t
monomorphisms.
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inclusion T ⊂ M is mono-irreducible, then T is a direct summand of any proper submodule X
of M containing T .
Proposition 3.4. Assume the inclusion T ⊂ M is mono-irreducible with M indecomposable.
Then
(1) M/T is indecomposable.
(2) All irreducible maps to M/T are epimorphisms.
Proof. (1) Assume M/T is decomposable. Then there exist two proper submodules X1, X2
of M containing T such that M/T ∼= X1/T ⊕X2/T . But the mono-irreducibility implies that T
is a direct summand of any proper submodule of M containing T . Thus, we have X1 = T ⊕ X′
and X2 = T ⊕ X′′. This implies M = T ⊕ X′ ⊕ X′′, a contradiction.
(2) Consider the exact sequence 0 → T f−→ M g−→ M/T → 0, and assume h :X → M/T
is an irreducible monomorphism. The induced short exact sequence 0 → T → g−1(Imh) →
Imh → 0 splits since the inclusion T ⊂ M is mono-irreducible. Hence we have h = gt for some
t :X → M . Since g is not a split epimorphism and h is irreducible, we get t is a split monomor-
phism, and consequently an isomorphism. Thus h is an epimorphism since g is, a contradiction.
Therefore, any irreducible morphism to M/T is an epimorphism. 
Remark. The proof for part (1) is taken from [8].
We now collect some properties of the GR inclusions which will be useful later on.
Proposition 3.5. Let δ : 0 → T l−→ M π−→ M/T → 0 be a GR sequence. Then the following state-
ments hold:
(1) T is a direct summand of all proper submodules of M containing T .
(2) M/T is indecomposable.
(3) Any map to M/T which is not an epimorphism factors through π .
(4) All irreducible maps to M/T are epimorphisms.
(5) If all irreducible maps to M are monomorphisms, then l is an irreducible map.
(6) M/T is a factor module of τ−1T and M/T ∼= τ−1T if and only if δ is an almost split
sequence.
Proof. Statements (1)–(4) hold since a GR inclusion is mono-irreducible. For (5), let⊕
Ni
h−→ M be the minimal right almost split map. Then we have the following commutative
diagram:
T
f
l
⊕
Ni
h
M
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μ(Im(hi))  μ(T )  max{μ(Ni)} since every irreducible map Ni hi−→ M is injective. So we
have max{μ(Ni)} = μ(T ) and f is split by the main property. Thus, l is irreducible.
For statement (6), we assume  : 0 → T f−→ E g−→ τ−1T → 0 to be an almost split sequence.
Consider the following commutative diagram:
 : 0 T f E g
u
τ−1T
h
0
δ : 0 T l M π M/T 0
u and h exist since  is almost split and l is a GR inclusion which is not a split monomorphism.
We claim that h is an epimorphism. If not, h factors through π since M/T is a GR factor module.
It follows  is a split sequence since E is in fact the pull-back. We get a contradiction. Therefore,
h is an epimorphism and M/T is a factor module of τ−1T . Furthermore, τ−1T ∼= M/T if and
only if h is an isomorphism, if and only if u is an isomorphism. Thus, τ−1T ∼= M/T if and only
if δ is an almost split sequence. 
Definition 3.6. An indecomposable module M is called Gabriel–Roiter maximal (briefly GR
maximal), if it is not a GR submodule of any indecomposable module.
By definition, all indecomposable injective modules are GR maximal. Next proposition pro-
vides a method to get GR maximal modules.
Proposition 3.7. Assume T is an indecomposable Λ-module and T f=(fi )−−−−→⊕ni=1 Xi is a mini-
mal left almost split map such that each fi is an epimorphism. Then T is GR maximal.
Proof. Since indecomposable injective modules are GR maximal, we may assume that T is not
injective. In this case f = (fi) is injective, and n 2 since each fi is an epimorphism. If l :T →
M is a GR inclusion for some indecomposable module M , we get the following commutative
diagram since f is minimal left almost split.
0 T
f=(fi )
l
⊕n
i=1 Xi
(gi )
M
The map T (gifi )−−−→⊕ni=1 Im(gifi) is injective since l =∑ni=1 gifi is injective. Then, by the main
property, we have μ(T )max{μ(Im(gifi))}. Note that for each i, gifi is not injective since fi
is a proper epimorphism. Hence the above inequality is strict. On the other hand, for each i,
Im(gifi) is a proper submodule of M . So we get
μ(T ) < max
{
μ
(
Im(gifi)
)}
< μ(M)
which is a contradiction since T is a GR submodule of M . 
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This section is devoted to a discussion of the orthogonality of a Gabriel–Roiter inclusion over
a representation-finite hereditary algebra. We shall show the following theorem:
Theorem A. Let Λ be a representation-finite hereditary k-algebra.
(1) If T is a Gabriel–Roiter submodule of M , then Hom(T ,M/T ) = 0.
(2) Each indecomposable module M possesses at most 3 Gabriel–Roiter submodules.
Therefore, we can construct (by taking GR submodules) some orthogonal exceptional pairs
for any indecomposable module over a representation-finite hereditary algebra. We first collect a
few subsidiary results.
Lemma 4.1. Let
0 → A1
( f1g1
)−−−→ B1 ⊕ A2 (h1,f2)−−−−→ B2 → 0
and
0 → A2
( f2g2
)−−−→ B2 ⊕ A3 (h2,f3)−−−−→ B3 → 0
be two exact sequences. Then the sequence
0 → A1
( f1g2g1
)−−−−→ B1 ⊕ A3 (h2h1,−f3)−−−−−−−→ B3 → 0
is exact.
Lemma 4.2. Let Λ be a representation directed algebra and δ : 0 → T → M → M/T → 0 be a
short exact sequence of indecomposable Λ-modules. Then, the following are equivalent:
(1) Hom(T ,M/T ) = 0.
(2) dim Hom(T ,M) = 1.
(3) dim Hom(M,M/T ) = 1.
(4) dim Ext1(M/T ,T ) = 1.
(5) Ext1(M,T ) = 0.
(6) Ext1(M/T ,M) = 0.
(7) (M/T ,T ) is an orthogonal exceptional pair.
Proof. First note that any indecomposable module over a representation directed algebra is an
exceptional module. By using the long exact sequences induced by the Hom-functors, we can
easily get the equivalence. 
Lemma 4.3. Let Λ be representation directed algebra and M a sincere indecomposable module.
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each i. Then the irreducible map τX1 → M is a monomorphism.
(2) Assume Ym → ·· · → Y2 → Y1 → M is a sectional path with m maximal and α(τ−1Yj ) 2
for each j . Then the irreducible map M → τ−1Y1 is an epimorphism.
Proof. We show (1), and (2) is similar. Since α(Xi)  2, we may assume 0 → τXn →
Xn−1 ⊕ Y → Xn → 0 is an almost split sequence. Assume Y = 0 and τ−1Y = 0, then there is a
irreducible map Xn → τ−1Y . This is a contradiction since n is maximal. If Y = 0 and τ−1Y = 0,
then Y is injective. But Λ is representation directed and M sincere implies that there is a path
from M to Y , again a contradiction. It follows Y = 0 and hence the irreducible map τXn → Xn−1
is a monomorphism. Thus the irreducible map τX1 → M is a monomorphism. 
Proposition 4.4. Let Λ be a representation directed algebra whose orbit quiver is a star with 3
branches and one of the branches is of length 1. Let M be a sincere indecomposable Λ-module.
If M lies on the center or the quasi-center, then M has at most 3 GR submodules and for each
GR submodule T of M , Hom(T ,M/T ) = 0.
Proof. First assume M lies on the center. Then M is the unique point in the underlying graph of
the orbit quiver with 3 neighbors and any other point N has at most 2 neighbors. Let g :Y → M
be an irreducible map. By Lemma 4.3, we get g is a monomorphism. And hence all irreducible
maps to M are monomorphism. Therefore, any GR submodule of M is given by an irreducible
map (3.5). Thus, up to isomorphism, M has at most 3 GR submodules. Note that if T → M is an
irreducible map, then dim Hom(T ,M) = 1. Thus M has at most 3 GR submodules.
Now we assume M lies on the quasi-center. Consider the following subquiver of the AR
quiver:
Zr
Zr−1
Z1 U
• X N V W
• M
Y
M is sincere implies the irreducible map Y → M is injective (4.3). If the irreducible map
N → M is also injective, then any GR submodule of M is isomorphic to either N or Y (3.5). So
we may assume that the irreducible map N → M is an epimorphism. Stating with the two short
exact sequences
0 → X → N → V → 0
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0 → N → U ⊕ V ⊕ M → W → 0
we get the following short exact sequence:
0 → X → M ⊕ U → W → 0
by using Lemma 4.1. Thus we get |X| − |M| = |U | − |W |. Let N → U = U1 → ·· · → Us
be the sectional path with s maximal. M is sincere implies Us is not injective. It follows the
irreducible map U → W is a monomorphism. Thus |X| < |M|. Since dim Hom(X,M) = 1, the
image X′ of the unique map is an indecomposable submodule of M . If X  X′, then there is a
path from X to X′, then to M . Thus X′ ∼= N , a contradiction since the irreducible map N → M
is an epimorphism. Thus, the composition X → N → M is a monomorphism. Assume T is
a GR submodule which does not lie on the sectional paths Zr → ·· · → N → M , X → N →
M , or · · · → Y → M . Then the GR inclusion factors through X ⊕ Y . In particular, there is a
monomorphism T → X ⊕ Y . Thus T is isomorphic to X or Y since T is a GR submodule of M
and both X and Y are submodules of M . This is a contradiction. So any GR submodule of M
lies on one of the 3 sectional paths. In particular, dim Hom(T ,M) = 1 and Hom(T ,M/T ) = 0.
Note that on each sectional path, there exist at most one GR submodule of M . Therefore, M has
at most 3 GR submodules. 
Lemma 4.5. [4] Let Λ be a hereditary algebra and X, Y indecomposable Λ-module with
Ext1(Y,X) = 0. Then any non-zero map from X to Y is either injective or surjective.
Reduction. We assume Λ is a representation-finite hereditary algebra and M is an indecom-
posable Λ-module.
Let Λ′ be the quotient Λ/ annM , where annM = {λ ∈ Λ | λM = 0} is an ideal of Λ. Then
M is an indecomposable Λ′ module. T , as a Λ-module, is a GR submodule of M if and only
if it is, as a Λ′-module, a GR submodule of M . It follows that μΛ(M) = μΛ′(M). It is easy to
see annM =∑i AeiA, where each ei is a primitive idempotent such that dim Hom(Pi,M) =
(dimM)i = 0. It follows that the Gabriel quiver of Λ′ = Λ/ annM is obtained from the Gabriel
quiver of Λ by deleting vertices. Thus, Λ′ is again representation-finite and hereditary. This
allows us to assume M is a sincere indecomposable Λ-module.
Let T be a GR submodule of M . By Lemma 4.2, to show the orthogonal property
Hom(T ,M/T ) = 0, is equivalent to show dim Hom(T ,M) = 1. Note that in this case, if N
is also a submodule of M with N ∼= T , then N = T .
If M is projective, then all irreducible maps to M are monomorphisms. Thus, all GR submod-
ules of M are given by irreducible maps and, for each GR submodule T , dim Hom(T ,M) = 1.
Since there are at most 3 sectional paths to M , M has at most 3 GR submodules. If M is in-
jective, then M/T is also injective and there is a sectional path from M to M/T since Λ is
hereditary. Note that there are at most 3 sectional paths going out from M and on each sectional
path, there exists at most one corresponding GR factor modules on each sectional path. Thus, M
has at most 3 GR submodules. Therefore, Theorem A holds for indecomposable projective mod-
ules and indecomposable injective modules. This allows us to assume M is neither projective nor
injective.
As an upshot of our discussion, we shall henceforth assume:
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• M is a sincere indecomposable module.
• M is neither projective nor injective.
Proof of Theorem A. The main idea of the proof is the following:
(1) Find several indecomposable submodules of M . They are said to be test submodules. For
each test submodule X of M , dim Hom(X,M) = 1. The direct sum of the test submodules is
called a test module.
(2) Find an indecomposable module C before (C is before X if there is a path from C to X) the
test submodules of M , such that any map from C to M factors through the test module we have
selected. In particular, if a GR submodule T of M is before C, then the GR inclusion factors
through the test module. It follows that there is a monomorphism from T to the test module
of M . Thus, T is isomorphic to one of the test submodules by the main property. Thus, we get a
contradiction. It follows that any GR submodule T of M is not before C.
(3) Check the modules which are before M but not before C.
(4) In some cases, we cannot find test module for M . But we may get the possibilities of
the orientation of the underlying graph, and hence the dimensional vector of M . Thus, we may
calculate the GR submodules of M directly.
An type
In this case, M is sincere implies it is the unique sincere indecomposable module and all irre-
ducible maps to M are monomorphisms. Therefore, the GR inclusions are given by irreducible
maps. Thus, dim Hom(T ,M) = 1 for any GR submodule T and M has at most 2 GR submodules
since there exists at most 2 irreducible maps to M .
Dn type
First assume sl(M) > 1. Recall that if the orbit quiver is a star, then sl(M) is defined to be the
length from the center vertex to M. Thus, sl(M) = 0 if M lies on the center and sl(M) = 1 if
M lies on a quasi-center. Look at the following full subquiver of the AR quiver:
Xt+1 Y1 Yt
h
C X Xt Y
′
1 τ
−1Xt · · · • Y ′t h
′
Zt
τXt−1 Xt−1 • Zt−1
• X1 g Z1
• M
N
f
•
Since M is sincere, Zt = 0, Yt , Y ′t are not injective. By Lemma 4.3, f is injective if α(M) = 2
and f = 0 (N = 0) if α(M) = 1. As in the proof of 4.4, by using 4.1, we get
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∣∣Y ′1∣∣= |Z1| − |Y1| = · · · =
{ |Zt | − |Y ′t | if t is even,
|Zt | − |Yt | if t is odd.
Since Yt and Y ′t are not injective, h and h′ are monomorphisms. It follows that |M| > |X|. There-
fore, the composition of the irreducible maps X → Xt → Xt−1 → ·· · → M is a monomorphism.
We may select X ⊕ N as the test module.
If T is not on the sectional paths Xt+1 → ·· · → X1 → M or X → ·· · → X1 → M , then
T ∼= N since the GR inclusion factors through N . It follow there is a sectional path from T to M .
Thus, we have dim Hom(T ,M) = 1. Therefore, M has at most 3 GR submodules.
If M lies on the boundary with sl(M) = 1 (using the above picture, say M = Y ′1), Lemma 4.1
implies |M| − |Xt+1| = |M| + |Y1| − |Xt | = |τ−1Xt | − |Xt−1|. Since Y ′1 = M is sincere and
not injective, τ−1Xt is sincere. Lemma 4.3 implies the irreducible map Xt−1 → τ−1Xt is a
monomorphism. Therefore, the composition Xt+1 → Xt → M is a monomorphism. We may
select Xt+1 as the test module. It follows that any GR submodule of M is either isomorphic
to Xt+1 or lies on the sectional path · · · → τXt−1 → Xt → M = Y ′1. Therefore, M has at most
2 GR submodules.
E6 type
In this case, all sincere indecomposable lie either on the center or the quasi-centers, or on the
boundary with sl(M) = 1. So we need only consider the case sl(M) = 1:
• Y • • •
• Z • •
C X W • • M A • •
• Z′ B •
• Y ′ • •
Since M is sincere and not injective, A is sincere and not injective. Lemma 4.3 implies the irre-
ducible B → A is injective. By using Lemma 4.1, we obtain |M|− |Y | = |M|+ |τ−1Z|− |τA| =
|A|−|B| > 0. Thus, the composition of irreducible maps Y → Z → • → M is a monomorphism.
For the same reason, the composition of irreducible maps from Y ′ to M is also a monomorphism.
We select Y ⊕ Y ′ as the test module. Thus T is not before C and dim Hom(T ,M) = 1. Examine
all the modules lying before M but not before C. Without loss of generality, we may assume
the compositions of the irreducible maps Z → • → M ′ and Z′ → • → M are epimorphisms.
It follows Z, Z′ are sincere and τY , τY ′ are not zero. Thus W is a GR maximal since all ir-
reducible maps going out from M are epimorphisms (3.7). It is easy to see Hom(τZ,M) = 1,
and the unique non-zero map from τZ to M factors through Y , thus is neither an epimorphism
nor a monomorphism. Finally, Hom(τY,M) = 0 = Hom(τY,′ M). Thus M has at most 3 GR
submodules with X, Y , Y ′ are the 3 possibilities.
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We first assume α(M) = 2 and sl(M) = 2.
• X • • N
• Y0 • Y ′
s
C • Y1 X1 • • • • Y
Y2 • • •
Y3 • • M
Y4 • • X′
g
Since M is sincere, g is a monomorphism. If the composition of irreducible maps from X1
(or Y0) to M is a monomorphism, we may select X1 ⊕ X′ (Y0 ⊕ X′) as the test module. We
now assume both of the compositions are epimorphisms. It follows that X1 and Y0 are sincere,
non-projective, non-injective modules and τX, Y4 are not zero. M is sincere implies N = 0 and
not injective. Thus, the irreducible map s :Y ′ → Y is a monomorphism. By using Lemma 4.1, we
obtain |M| − |X| = |Y | − |Y ′| > 0, and hence, the composition of irreducible maps from X to M
is a monomorphism by Lemma 4.5. Let X ⊕ X′ be the test module. Thus any GR submodule
of M is not before C. Note that Y1 is GR maximal since the outgoing irreducible maps are
epimorphisms. For modules τX1, τY0, τX, the corresponding Hom-spaces are of dimension 1.
But the corresponding morphisms are neither epimorphisms nor monomorphisms, thus there are
not GR submodules of M . |X1| − |Y2| = |X1| + |X′| − |Y1| = |M| − |Y0| < 0 since we have
assume there is an epimorphism from Y0 to M . Thus |Y2| > |X1| > |M|. Therefore, if T is a GR
submodule of M then T is isomorphic to X′, X or one of Y4, Y3. Therefore, M has at most 3 GR
submodules and for each GR submodule T , dim Hom(T ,M) = 1.
Now we begin to consider the cases α(M) = 1. First assume sl(M) = 1.
Z1 • X2 •
Z2 • X1 •
C Z3 Z0 • • • N M
Z4 • Y1 •
Z5 • Y2
Z6 • Y3
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morphisms and C = 0, else we may select X1, Y2 as test submodules. Under this assumption, Z1
and Z6 are not zero. As before, by using Lemmas 4.1 and 4.5, we get the compositions of the
irreducible maps X = X2 → X1 → X0 = N → M and Y = Y3 → Y2 → Y1 → Y0 = N → M are
both injective. Select X2 ⊕ Y3 as the test module. Thus any GR submodule of M is not before
C and not isomorphic to Zi for i = 4,5,6. Z0, τ−1Z0 are GR maximal since the irreducible
maps outgoing are all epimorphisms. Note the we have assumed Y2 → Y1 → N → M is sur-
jective, thus there is an epimorphism from τY1 to M . All maps from Z3 and τX1 to M factor
through X2, hence they are not GR submodule of M . Thus if T is a GR submodule of M , then
T is isomorphic to X2, or Y3, or one of Z1, Z2, τ−1Z3. Thus, M has at most 3 GR submodules
and for each GR submodule T , dim Hom(T ,M) = 1.
If sl(M) = 2, we consider the following section of the AR quiver:
Y1 • Z • • M
• • • • •
• • C • • • • X • •
• • • • •
• • • X′
Y2 • • Y
We may assume the compositions of irreducible maps from X to M and from X′ to M are both
epimorphisms, since other cases are similar. It follows X and X′ are both sincere. By calculat-
ing the dimensions of the Hom-spaces we can easily get the Y1 and Y2 are not zero. We first
note there is a monomorphism from Y to M . Now consider the indecomposable module Z. By
AR formula, we obtain Ext1(M,Z) ∼= DHom(Z, τM) = 0. Also we have dim Hom(Z,M) = 1.
It follows the unique map from Z to M is an epimorphism or a monomorphism, and thus, a
monomorphism since M is sincere. We select Y ⊕ Z as the test module. All GR submodules
of M are not before C. Again easy to follow that M has at most 3 GR submodules, and for each
GR submodule T of dim Hom(T ,M) = 1.
If sl(M) = 3, then (dimM)i = 1. The orthogonality is obvious. We have two sectional paths
X5 → X4 → X3 → X2 → X1 → M and X′ → X3 → X2 → X1 → M with α(X5) = 1 =
α(X′). Since M is neither projective nor injective, Hom(τ iM,M) = 0 implies i = 4 or 7, and
Hom(M, τ−jM) = 0 implies j  4 or 7. But for each indecomposable X, τ 10X = 0. Thus, we
have τ 4M is projective. It follows the unique map from X5 to M is a monomorphism. Let X5 be
the test module. The others are easy to follow.
E8 type
The same method will be used. We outline the proof. First consider the case α(M) = 2 and
sl(M) = 2.
306 B. Chen / Journal of Algebra 309 (2007) 292–317• X1 • • •
• X2 • • •
C • A X • • • • • •
C′ • • • •
Y1 • • M
Y2 • • Y
Y3 • • • •
It is obvious that the irreducible map Y → M is injective. Without loss of generality, we
may assume the compositions of the irreducible maps from X to M and from X2 to M are both
epimorphisms. Thus Y3 and τX1 are not zero. By comparing the length of X1 and M , we get a
monomorphism from X1 to M . Thus, we may select X1 ⊕ Y as the test module. The modules
with 2-dimensional Hom-space to M are A and C′ and τX2. But A is GR maximal, |X|− |C′| =
|τ−1Y | − |X2|  |M| − |X2|  0 implies |C′| > |X| > |M|. Any morphism from τX2 to M
factors through X1 ⊕ Y . Hence dim Hom(T ,M) = 1 and M has at most 3 GR submodules.
Namely, a GR submodule of M is isomorphic to X1, or Y , or one of Yi , 1 i  3.
Now assume α(M) = 2 and sl(M) = 3.
X1 • • • •
• X2 • • • •
C • A X • • • • • • Z • B
• • • • • D
• • • • •
• • • M •
• • • Y Q
As before, we may assume the morphisms from X2 and X to M are both epimorphisms. If
Z is injective, then B = 0. In this case, for any indecomposable injective module I , we have
(dimM)i = dim Hom(M, I) = 1. Thus, the orthogonality holds. Since Λ is hereditary and M is
sincere, neither projective nor injective, only 3 possible orientations of E8 occur. [Note that Q is
not injective implies τ−iQ are not injective for i = 1,2,3 since Hom(M, τ−iQ) = 0 and M is
sincere.] We can calculate one by one and get that there is only one GR factor modules, hence
only one GR submodules in each case. Assume Z is not injective. |M| − |X1| = |B| − |D| > 0
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Select Y ⊕X1 as the test module. If Q is injective, only 6 possible orientations of E8 can occur.
We can check one by one and again get only one GR submodule in each case.
Now we assume M is on the boundary. We first consider the case sl(M) = 1 and the following
full subquiver of the AR quiver:
X • • • •
• • • • • •
C′ • • • • M • • Z • B • •
• • • • D •
• • • • •
Y • • • •
• • • • • Q
If Z is injective, then for all possibilities of orientations of E8, (dimM)i = 1 for all i ∈ Q0. So
Hom(T ,M/T ) = 0. For each orientation, we get easily the GR submodules and corresponding
factor modules. Assume that Z is not injective. Then |M| − |Y | = |B| − |D| > 0 if Q is not
injective. [Note that if Q is not injective and Hom(M, τ−1Q) = 0 implies τ−1Q is not injective.]
In this case, we select Y ⊕ X as the test module and C = τC′. If Q is injective, by calculating
the dimension of the Hom-space, we have 64 possibilities of the orientations of E8 such that M
is sincere and not injective. For each orientation, we can easily get the dimension vector of M
and calculate the GR submodules. In each case, we get exactly one GR submodule.
Now let us come to the sincere indecomposable modules lying on the boundary with
sl(M) > 1. The unique proper sincere indecomposable with sl(M) = 4 in this orbit, has dimen-
sion vector (1,1,1,1,1,1,1,2). We assume X → M is the unique irreducible map. Then there
is a unique irreducible map from τ 5M to τ 4X. Note that dim Hom(τ 4X,M) = 1 by using the
AR formula and direct calculation of dimension vector, τ 4X is a submodule of M . So we may
select τ 4X as the test module. If sl(M) = 2, then (dimM)i  2. Except for only several possi-
bilities of orientations of E8, τ 3M is a submodule of M , and we may select τ 3M ⊕ Y as the test
module where Y lies on the boundary with sl(Y ) = 4 and there is a sectional path from Y to M . If
τ 3M is not a submodule of M , then we may get the dimension vector of M for each orientation
and calculate the GR submodule of M . In each case, we get only one GR submodule.
We finish the proof. 
Example. Assume Λ = kQ where Q is the Kronecker quiver. Up to isomorphism, the prepro-
jective modules Pn is the unique GR submodule of Pn+1. Different embedding gives rise to
non-isomorphism GR factor module. These GR factor modules are the regular module Rλ(1) for
λ ∈ P1(k). But Hom(Pn,Rλ(1)) = 0 for all n and λ ∈ P1(k). Hom(Pn,X) = 0 for all indecom-
posable submodule X of Pn+1 which is not isomorphic to Pn.
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directed, we can find a GR inclusion T ⊂ M such that Hom(T ,M/T ) = 0 and there exists an
indecomposable submodule X of M , such that Hom(T ,X) = 0.
Example. Let Λ = k[x]/(xn). There exist a unique simple module S and each indecomposable
Λ-module is of the form S[i] for 1 i  n, where S = S[1], and S[n] is the projective–injective
module. Fix an i  2, then S[j ] is submodule of S[i] for each j  i and S[i − 1] is a GR sub-
module of S[i]. Thus, in case i  3, for any submodule S[j ] of S[i] (j  i − 2), Hom(S[i − 1],
S[j ]) = 0. In particular, Hom(S[i − 1], S[1]) = 0 where S[1] is the GR factor module of the GR
inclusion S[i − 1] ⊂ S[i].
Example. Let Λ = kQ/r2 where Q is the following quiver and r is the radical:
1
2 3 4
The AR quiver is the following:
P4 = S4 I1
P3
S1 S2 I4 S3
I2 I3 Q P1
f
P2
g
M
Here dimM = (1,2,1,0) and dimQ = (1,0,1,0). Consider the indecomposable module M
and the almost split sequence 0 → S3 → P1 ⊕ P2 (f,g)−−−→ M → 0. Since f and g are monomor-
phisms, any GR submodule of M is isomorphic to P1 or P2. By easy calculation, we have
μ(P2) = {1,2} and μ(P1) = {1,3}, hence P2 is a GR submodule of M and μ(M) = {1,2,4}.
But Hom(P2,P1) = 0 since dim Hom(P2,P1) = (dimP1)2 = 1.
5. The AR sequences ending at a GR factor
In this section, we will study the almost split sequences terminating at a Gabriel–Roiter factor
module. In particular, we shall prove following theorem:
Theorem B. Let Λ be a representation-finite hereditary k-algebra and T a Gabriel–Roiter sub-
module of M . If M/T is not injective, then α(M/T ) = 1.
We first collect some results which will be needed in the proof.
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such that M/T is not injective. Let 0 → τ(M/T ) → X → M/T → 0 be an almost split se-
quence. Then |τ−1M| |τ−1X| and equality holds if and only if X ∼= M .
Proof. Since M/T is not injective, by using τ−1 ∼= Ext1(D−,Λ), we get the following two short
exact sequences:
0 → M/T → τ−1X → τ−1(M/T ) → 0,
0 → τ−1T → τ−1M → τ−1(M/T ) → 0.
Therefore, |τ−1M| = |τ−1X| − |M/T | + |τ−1T |  |τ−1X|, and equality holds if and only if
|τ−1T | = |M/T |. Recall that if T is a GR submodule of M , then M/T is a factor module
of τ−1T and τ−1T ∼= M/T if and only if 0 → T → M → M/T → 0 is an almost split se-
quence (3.5). Thus, |τ−1T | = |M/T | if and only if τ−1T ∼= M/T , if and only if M ∼= X. 
Lemma 5.2. Let Λ be a representation-finite hereditary algebra and X an indecomposable non-
injective Λ-module. Suppose Xn → Xn−1 → ·· · → X1 → X is a sectional path such that n is
maximal and α(Xi) 2 for each i. If there is an irreducible epimorphism Y → X with Y  X1,
then the composition of the irreducible maps Xn → Xn−1 → ·· · → X1 → X is a monomor-
phism.
Proof. Each Xi is not injective since X is not injective and Λ is hereditary. In particular,
τ−1X1 = 0. If Xi is projective for some i, then there exists a non-zero morphism from Xi
to Y since the irreducible map Y → M is an epimorphism. Thus we obtain a path in the AR
quiver from Xi to Y , then to X, since Λ is a representation-finite algebra. But the sectional path
Xn → ·· · → X1 → X is the unique path from Xi to X, a contradiction. Thus, all Xi ’s are not
projective. In particular, Xn is not projective. Let 0 → Xn → Xn−1 ⊕ Z → τ−1Xn → 0 be an
almost split sequence with Z = 0. if Z is projective, then Xn is projective since Λ is hereditary,
a contradiction. If Z is not projective, then there is an irreducible map τZ → Xn. Thus, we ob-
tain a sectional path τZ → Xn → ·· · → X1 → X which contradicts with the maximality of n.
Therefore, Z = 0. Starting with short exact sequences 0 → Xn → Xn−1 → τ−1Xn → 0 and
0 → Xn−1 → Xn−2 ⊕ τ−1Xn → τ−1Xn−2 → 0, we obtain a short exact sequence 0 → Xn →
X → τ−1X1 → 0 by using Lemma 4.1. In particular, the non-zero composition of irreducible
maps Xn → Xn−1 → ·· · → X1 → X is a monomorphism. 
Lemma 5.3. Let Λ = kQ with Q a quiver of type Dn (n 4), or En (n = 6,7,8). Assume N is
an indecomposable non-injective module with α(N) = 3. Then N is not a GR factor module.
Proof. We may assume N is not projective. Then consider the AR sequence
0 → τN (fi)−−→
3⊕
i=1
Xi
(gi)−−→ N → 0.
Note that the orbit quiver of Λ is a star and at least one of the Xi’s has only one neighbor, say
i = 1. N is not injective implies X1 is not injective since Λ is hereditary. We have an almost split
sequence 0 → X1 → N → τ−1X1 → 0 which means the irreducible map g1 is a monomorphism.
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surjective. 
Proof of Theorem B. We always assume T ⊂ M is a GR submodule and assume N = M/T is
the corresponding non-injective GR factor module. Assume for a contradiction that α(N)  2.
Because of Lemma 5.3, it suffices to consider the case α(N) = 2. We should keep in mind that
all irreducible maps to M/T are surjective and any homomorphism X → N = M/T which is
not an epimorphism factors through M .
(1) An type
In this case, α(Λ) = 2, i.e., for any indecomposable Λ-module M , α(M) 2. Assume there is
an AR sequence 0 → τ(M/T ) → X ⊕ Y (gx,gy)−−−−→ M/T → 0 with X Y indecomposable and gx ,
gy epimorphisms. There are two sectional paths Yn → Yn−1 → ·· · → Y1 → Y0 = Y gy−→ M/T
and Xm → Xm−1 → ·· · → X1 = X gx−→ M/T with n, m maximal, respectively. By Lemma 5.2,
we get two monomorphisms Yn → M/T and Xm → M/T which factor through M . Then there
are paths Yn → ·· · → M → ·· · → M/T and Xm → ·· · → M → ·· · → M/T . In particular,
M lies on both of the two sectional paths. But the unique indecomposable module on both sec-
tional path is M/T . We get a contradiction. Thus, α(M/T ) = 1 if M/T is not injective.
We also claim that M/T is uniserial. Assume the vertices of An are indexed as follows:
1 2 3 • · · · • n
For i  j , we denote by [i, j ] the indecomposable module (for any orientation):
i j
0 · · ·0 k k · · · k k 0 · · ·0
Then, all indecomposable modules are of the form [a, b] with 1 a, b  n. An indecompos-
able modules is not uniserial if and only if it is of one of the following 2 forms:
i r j
k
0 · · ·0 k · · · k k · · · k 0 · · ·0
i r j
0 · · ·0 k · · · k k · · · k 0 · · ·0
k
Assume M/T is not uniserial and is of the first form. Then, T = [a, i − 1], M = [a, j ], for
some a  1 and [a, r − 1] is an indecomposable submodule of M containing T , a contradiction.
Or, T = [j + 1, b], M = [i, b] for some b  n, and [r + 1, b] is an indecomposable submodule
of M containing T , a contradiction.
Assume M/T is of the second form. Then T = [a, i − 1], M = [a, j ], for some a  1 and
[a, r] is an indecomposable submodule of M containing T , a contradiction. Or, T = [j + 1, b],
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a contradiction. Thus, M/T is uniserial.
(2) Dn type
Our result is obvious for D4, so we assume n  5. Suppose first that N = M/T lies on the
quasi-center. Consider the following full subquiver of the AR quiver:
X1 Z1
X
gx
Z
f
τ−1X
N
h
Y
gy
N1
Ys−1 Nt−1
Ys τNt Nt
W
The maps gx , gy are both epimorphisms since N is a GR factor. Consider the sectional path
Ys → ·· · → Y0 = Y → N with s maximal. By Lemma 5.2, we get a monomorphism Ys → N .
Hence there is a sectional path Ys → ·· · → M → ·· · → Y → N = M/T .
Case 1. Z is not injective.
In this case, f is a monomorphism since Z → τ−1X is a source map. In view of |N |− |X1| =
|τ−1X| − |Z| > 0, the composition X1 → X → N is a monomorphism, thus, factors through M .
It follows that there is a path from X to M . But we have shown there is a sectional path from
M → ·· · → Y → N . A contradiction.
Case 2. Z is injective.
In this case τ−1X is injective. Let N = N0 → N1 → ·· · → Nt be the sectional path with t
maximal and N1 ∼= τ−1Y . The irreducible map τNt → Nt−1 is an epimorphism since gy is an
epimorphism. Therefore, there exist an indecomposable module W such that 0 → τNt → Nt−1⊕
W → Nt → 0 is an almost split sequence and the irreducible map W → Nt is an epimorphism.
It follows that W , hence Nt , is injective since t is maximal.
Since Z, Nt and W are all injective, the ordinary quiver of Dn is of the following form:
2
1 3 4 5 · · · r r + 1 · · · n
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τ−1X and Nt are the indecomposable injective module I1, I3 and Ir , respectively. Note that
dim Hom(M, I)  1 for any indecomposable injective module I and Hom(M,Z) = 0 since M
lies on the sectional path Ys → ·· · → Y → N . Hence we may consider M as an indecomposable
kAn−1 module where An−1 is obtained from Dn by deleting the vertex 1. Since τ−1X and Nt
are injective, there exists an unique 0 j  t − 1 such that τ−1Nj is a simple injective module,
i.e., there is an integer 4  p  r − 1 such that p is a source point in the ordinary quiver Dn.
Then (dimN)3 = dim Hom(N, τ−1X) = 1 = (dimN)r implies that, as kAn−1 module, N is not
uniserial module. A contradiction.
We now assume that N does not lie on the quasi-center. Then we get the following full sub-
quiver of the AR quiver:
Xt+1 Y1 Yt
s
Xt Y
′
1 • · · · • Y ′t
h
Zt
Xt−1 Zt−1
X1 g Z1
N
V
f
•
By Lemma 5.1, the composition of irreducible maps Vn → ·· · → V → N is a monomor-
phism and hence we get a sectional path M → ·· · → V → N = M/T . Note that each Xi is not
projective since f :V → N is an epimorphism. If Zj is injective for some j , we may reduce the
case to some Am by using the same argument in the case of N lying on the quasi-center.
We may assume that the subquiver of the AR quiver is complete, i.e., Xt+1 and Zt are not
zero and Zt is not injective. Hence s and h are both monomorphisms. Starting with two short
exact sequences:
0 → Xt+1 → Y ′1 ⊕ N → Z1 → 0,
0 → Y ′1 → Y2 ⊕ Z1 → Z2 → 0
we obtain the following short exact sequence by using Lemma 4.1:
{
0 → Xt+1 → N ⊕ Yt → Zt → 0 if t is even,
0 → Xt+1 → N ⊕ Y ′t → Zt → 0 if t is odd.
So |N | − |Xt+1| = |Zt | − |Yt | < 0 or |N | − |Xt+1| = |Zt | − |Y ′t | < 0. Therefore, the composi-
tion of the irreducible maps from Xt+1 to N is a monomorphism and hence, factors through M .
Thus M lies on the sectional path Xt+1 → Xt → ·· · → X1 → N . This is a contradiction since
M lies on the other sectional path · · · → V → N .
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Consider the following subquiver of the AR quiver:
X2 •
X1 •
X • •
N
T τ−1T
N is not injective implies T is not injective and thus the irreducible map T → N is injective.
Hence N is not a GR factor module.
(4) E7 type
Due to the proof of E6 type, we need only to consider the case that N lies on the quasi-center
as in the following full subquiver of the AR quiver:
X2 •
X1 •
X
gx
• τ−1X
N τ−1N
Y
gy
τ−1Y
Y1 τ−1Y1
The irreducible maps gx , gy are surjective. By Lemma 5.2, the composition Y1 → Y → N
is injective and hence, M lies on the sectional path Y1 → Y → N . Therefore, M ∼= Y . Since X
is not injective, we have τ−1X = 0 and |τ−1M| = |τ−1Y | < |τ−1Y | + |τ−1X|. This contradicts
Lemma 5.1.
(5) E8 type
Due to the proof of type E7, we need only to consider the cases when N lies on the quasi-
center as in the following full subquiver of the AR quiver:
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X1 •
X
gx
• τ−1X
N τ−1N
Y
gy
τ−1Y
Y1
g
τ−1Y1
τ−1g
τ−2Y1
Y2
h
τ−1Y2 τ−2Y2
Since gx and gy are epimorphisms, all Y , Y1 and Y2 are not zero and not projective. The
composition gygh is injective by Lemma 5.2 and M lies on the sectional path Y2 → Y1 →
Y → N . If M ∼= Y , then |τ−1M| = |τ−1Y1| < |τ−1Y | + |τ−1X| which is a contradiction to 5.1.
So we assume M ∼= Y1.
Case 1. τ−1Y1 and τ−1Y2 are both injective.
In this case, we have τ−1Y and τ−1N are injective modules and the irreducible map
τ−1Y1
τ−1g−−−→ τ−1Y is an epimorphism. Then |τ−1Y1| − |τ−1Y | = 1 since τ−1Y1 is injective.
X is not injective implies τ−1X = 0. Also the irreducible map τ−1X → τ−1N is an epimor-
phism since Y1 → τ−1Y2 is surjective. Thus |τ−1X| > |τ−1N | = 0 and |τ−1M| = |τ−1Y1| =
|τ−1Y | + 1 < |τ−1Y | + |τ−1X|.
Case 2. τ−1Y1 is injective but τ−1Y2 is not.
In this case, there is a irreducible map from τ−1Y1 to the simple injective module τ−2Y2 which
means τ−1Y1/ soc τ−1Y1 has two direct summands. So |τ−1Y1|− |τ−1Y | = |τ−2Y2|+1 = 2. We
have |τ−1M| = |τ−1Y1| = |τ−1Y | + 2 |τ−1Y | + |τ−1X| since τ−1X is not simple.
Case 3. τ−1Y1 is not injective.
In this case, τ−2Y2 and τ−2Y1 are not zero. gy is an epimorphism implies the irreducible
map τ−2Y2 → τ−2Y1 is an epimorphism and hence τ−2Y2, τ−2Y1 are injective modules.
|τ−1Y1| − |τ−1Y | = |τ−2Y2| − |τ−2Y1| = 1. Therefore, |τ−1M| = |τ−1Y1| = |τ−1Y | + 1 <
|τ−1Y | + |τ−1X|.
Note that the above 3 cases are all the possibilities since gy is an epimorphisms. In all the
cases, we get |τ−1M| |τ−1Y | + |τ−1X| which contradicts Lemma 5.1. 
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2
1 3 5
4
The AR quiver is the following:
P2 X T1 I4
P4 P1 • • T2 M I2 I1
P3 • • I3
P5 • T3 I5
(1) If a GR factor module N is injective, then α(N) = 1 may happen. In the example, up
to isomorphism, M has 3 GR submodules, T1, T2 and T3. And the corresponding GR factor
modules are I4, I2 and I3, respectively. α(I4) = α(I2) = 1, but α(I3) = 2. Also α(I1) = 3 and
any non-projective simple module is a GR factor.
(2) The indecomposable module Y with α(Y ) = 1 may not be a GR factor module. In the
example, α(X) = α(I5) = 1, but they are not GR factor modules.
Example. Let Λ = kQ/I where Q is the following quiver:
1
a
4
2
c
b
3
and I = 〈ca, ba〉. The AR quiver of Λ is following:
P3 I4 P1
P2 S2 I1
P4 I3
Note that 0 → P4 → I4 → S2 → 0 is a GR sequence and S2 is not injective, but α(S2) = 2.
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1
a
3
b
5
2
c
4
d
6
and I = 〈ba, dc〉.
The AR quiver is of the following shape:
P1
P5 X • I2
P3 N I4
P4 M • I3
P6 S4 • S2 I1
P2 I5
Here
N =
(
0 1 0
0 1 0
)
, M =
(
0 1 1
0 1 0
)
, X =
(
0 1 0
0 1 1
)
,
and 0 → P5 → M → N → 0 is a GR sequence with α(N) = 2 and N non-simple.
Acknowledgment
The investigations presented here is part of my dissertation [2]. So I thank Claus Michael
Ringel for his hospitality and suggestions.
References
[1] S. Brenner, On the kernel of an irreducible map, Linear Algebra Appl. 365 (2003) 91–97.
[2] B. Chen, The Gabriel–Roiter measure for representation-finite hereditary algebras, Dissertation, Bielefeld, 2006.
[3] P. Gabriel, Indecomposable representations II, Symposia Math. Ist. Naz. AltaMat. 6 (1973) 81–104.
[4] D. Happel, C.M. Ringel, Tilted algebras, Trans. Amer. Math. Soc. 272 (2) (1982) 399–443.
[5] H. Krause, The kernel of an irreducible map, Proc. Amer. Math. Soc. 121 (1) (1994) 57–66.
[6] C.M. Ringel, Tame Algebras and Integral Quadratic Forms, Lecture Notes in Math., vol. 1099, Springer, Berlin,
1984.
[7] C.M. Ringel, Exceptional objects in hereditary categories, in: Proceedings Constantza Conference, An. Stiint. Univ.
Ovidius Constantza 4 (f.2) (1998) 150–158.
[8] C.M. Ringel, The Gabriel–Roiter measure, Bull. Sci. Math. 129 (2005) 726–748.
B. Chen / Journal of Algebra 309 (2007) 292–317 317[9] C.M. Ringel, Foundation of the representation theory of Artin algebras, using the Gabriel–Roiter measure, in: Trends
in Representation Theory of Algebras and Related Topics, Workshop Queretaro, Mexico, 2004, in: Contemp. Math.,
vol. 406, Amer. Math. Soc., 2006, pp. 105–135.
[10] C.M. Ringel, The theorem of Bo Chen and Hall polynomials, Nagoya J. 183 (2006), in press.
[11] A. Schofield, The internal structure of real Schur representations, preprint.
